Introduction
Ferroelectric superlattices comprising two or more different layers have received immense attention due to their potential applications, as well as their striking new or enhanced behaviors (Nakagawara et al., 2000; Dawber et al., 2005) . In those structures, the coupling at the interface between the two constituents has been demonstrated to play an important role in governing their properties (Bousquet et al., 2005) . Theoretical study of interface coupling in ferroelectric superlattices was initially performed based on the Landau-like formulation by taking the continuum limit of the transverse Ising model (Qu et al., 1997) . In their model, the extrapolation lengths describe the inhomogeneity of polarizations near the surfaces and an interface-related parameter gives the strength of the coupling at the interface. We have recently proposed a thermodynamic model with only one unknown parameter to study the effect of interface on polarization behaviours at the interface region between two bulk ferroelectrics (Chew et al., 2003; Tsang et al., 2004) . The intrinsic ferroelectric coupling at the interface leads to variation of polarization across the interface of the heterostructures. In this contribution, we discuss some fundamental properties of the physics of interfaces in ferroelectric heterostructures and superlattices using the Landau-Ginzburg theory. The key issue that will be addressed is how the intrinsic ferroelectric coupling at the interface affects the physical properties of the hybrid structures such as phase transitions, polarization modulation profiles and dielectric susceptibilities. We begin with a discussion for heterostructure of interfaces between a bulk ferroelectrics and dielectrics, in which the influence of thickness is not significant. Explicit expressions describe the spatial profile of polarization at the interface region of the heterostructure are obtained (Chew et al., 2003) . The influence of the intrinsic interface coupling on the inhomogeneity and discontinuity or continuity of polarization at the interface is illustrated. Since ferroelectric superlattice is an interesting system to study the interface effect, the influence of thickness on the polarization profiles of the superlattice is investigated. Analytical expressions of the polarization profile for superlattices are derived and discussed in detailed Chew et al., 2009) . Explicit expressions for dielectric susceptibilities in the paraelectric phase of the superlattice are also obtained (Chew et al., 2008) . Finally, we apply the model to epitaxial PbTiO 3 /SrTiO 3 by incorporating the depolarization field and lattice strain in the free energy functional. Some calculated results are discussed with experimental data. We conclude the chapter with some remarks.
Model of ferroelectric/dielectric heterostructure interfaces
In this section, the essential details for deriving the formalism of the ferroelectric/dielectric heterostructure interface are presented (Chew et al., 2003) . We assume a one-dimensional problem in which the polarizations and related physical quantities vary along the xdirection perpendicular to the interface of the heterostructure. The total energy associates with the heterostructure can be expressed as
where 1 F and 2 F are the total free energy density of the ferroelectric constituent A and dielectric constituent B, respectively. i F is the coupling energy at the interface between the two constituents. The total free energy density of the ferroelectric constituent A and dielectric constituent B are given by
which extend from x →−∞ to 0 x = and 0 x = to x →∞, respectively. j f denotes the Landau-Ginzburg free energy densities of consituent layer j , whereas ' j f gives the energy density in the single domain state of constituent j. In the present study, the coupling energy i F between the polarizations at the interface is described as
where i p and i q are the interface polarizations at 0 x = . λ is the coupling constant describing the strength of the interaction. The free energy density of the ferroelectric constituent A with bb dp f fpp pp dx αβκ αβ
For the dielectric constituent B, we have 0 b== at x →∞, and the free energy density contribution from the dielectric constituent (with the higher order 
where 10 0 α > is a temperarature-independent parameter. 2 0 α > , 1 0 β > , 1 0 κ > and 1 0 κ > are all temperature-independent coefficients. The equilibrium states of the heterostructures correspond to the minima of F with respect to variations of p and q. These are given by solving the Euler-Lagrange equations for p and q:
with the boundary conditions
and and 0 at , and 0 at ,
where b p and b q are the bulk polarization of the ferroelectric constituent A (at x = -∞) and the dielectric constituent B (at x = ∞ ), respectively. For the present study of ferroelectric/dielectric heterostructure of interface, it turns out that the free energy F of eq. (1) 
where
For the dielectric constituent B, the solution of eq. (10) gives
If i p is determined, i x can be obtained from eq. (11). In eqs. (11) and (13) 
The equilibrium structure can be found from
Let us examine the variation of polarization across the interface and the total energy F of the heterostructure for the particular conditions of 0 λ = and λ →∞. 
and
respectively. 
and by minimizing it, we obtain 22 22 
which clearly indicates that the polarizations at the interface are determined by the intermixed properties of two constituents. In Fig. 2 , the mismatch in polarizations across the interface is examined under various strengths of interfacial coupling. The results clearly show that the mismatch in the interface polarizations is decreased with increasing interface coupling strength.
Model of ferroelectric/dielectric superlattices
We now consider a periodic superlattice composed of alternating ferroelectric layer and dielectric layer (ferroelectric/dielectic suprelattices), as shown in Fig. 3 . Some key points are repeated here for clarity of discussion. Similarly, we assume that all spatial variation of polarization takes place along the x-direction. The thickness of ferroelectric layer and dielectric layer are L 1 and L 2 , respectively. L is the periodic thickness of the superlattice. The two layers are coupled with each other across the interface. Periodic boudary conditions are used for describing the superlattices. By symmetry, the average energy density of the ferroelectric/dielectric superlattice F is (Ishibashi & Iwata, 2007; Chew et al., 2008; Chew et al., 2009) www.intechopen.com
In eq. (22), the total free energy density of the ferroelectric layer 1 F is given by
whereas the total free energy densities of the paraelectric layer 2 f is
respectively. In eqs. (23) and (24), p and q are the order parameters of the ferroelectric layer and paraelectric layer, respectively. E denotes the external electric field. The coupling energy at the interface between the ferroelectric-and dielectric-layers is as shown in eq. (3). In this case, the boundary conditions at the interface (x = L 1 /2) are described by
Polarization modulation profiles
We first look at the polarization modulation profiles of the ferroelectric/dielectric superlattice under the absence of an external electric field 0 E = (Chew et al., 2009 ). The polarization profiles of p and q for the ferroelectric and dielectric layers, respectively, can be obtained using the Euler-Lagrange equation. For the dielectric layer, the Euler-Lagrange equation is
and () qx can be obtained as
and at the interface, we have 22 c cosh 2 
where ( (dot lines), only a weak polarization is induced in the dielectric layer. As the strength of the interface coupling λ increases, the polarization near the interface of the ferroelectric layer is slightly suppressed, whereas the induced-polarization of the soft dielectric layer increases. 
w h e r e ( ) 
where 11 2 11 11 sin cos 22
and O(p c 4 ) indicates the higher order terms of p c 4 . From the equilibrium condition for q c , dF/dq c = 0, the condition of the transition point can be obtained as A -C 2 /D = 0, i.e., 11 2 11 11 sin cos 0 22
where 22 22 ,t a n h 2
In Fig. 5 As the temperature increases, the ferroelectric layer can be in the ferroelectric state or in the paraelectric state. Phase transition may or may not take place, depending on the model parameters. Let us examine the stability of superlattice in the paraelectric state by taking into account the polarization profile to appear in the ferroelectric state. Instead of the exact solutions obtained from the Euler-Lagrange equations, which are in term of the Jacobi Elliptic Functions, we use (Ishibashi & Iwata, 2007) 1 
Similarly, from the equilibrium condition for q c , dF/dq c = 0, we find eq. (40) can be reduced to a more simple form as 
where ( , we obtain the wave number k. It is qualitatively (Ishibashi & Iwata, 2007) .
obvious that k is small, implying a flat polarization profile, when the contribution from the dielectric layer R, is small, while 2 kL approaches π, implying a very weak interface polarization in the ferroelectric layer, when R is extremely large. The dependence of the wave number k on 1 α for various 1 / RL is illustrated in Fig. 6. 
Dielectric susceptibilities
In this section, we will discuss the dielectric susceptibility of the superlattice in the paraelectric phase (Chew et al., 2008) . Since p(x) = q(x) = 0 in the paraelectric phase (if 0 E = ), the modulated polarizations, p(x) and q(x), are the polarizations induced by the electric field E. The contribution from the higher-order term 
with the condition that F (eq. (22)) including the interface energy (eq. (3)) takes the minimum value. Note that in the present system, the ferroelectric transition point c α is negative. Thus, one must consider both cases 1 0 α ≥ and 1 0 α < in the study of the dielectric susceptibility even in the paraelectric phase. In the present system, the dielectric susceptibility χ is defined as 
It is interesting to note here that the transition temperature 1 α can be determined using eq.
(62), which is exactly the same as eq. (43) (Ishibashi & Iwata, 2007) . In Fig. 7 , we show the reciprocal susceptibility 1/χ in various parameter values. It is found that the average susceptibility diverges at the transition temperature obtained from eq. (62). 
implying that the susceptibility is always continuous at 1 0 α = . It is worthwhile to look at the field-induced polarization profile at 1 0 α = because 1 K becomes zero at 1 0 α = . By taking the limit of 1 0 α =± from both the positive and negative sides for the polarization p, the expressions for the polarization profiles in () p x and () qx can be explicitly expressed as () ( 
Equation (64) 
Application of model to epitaxial PbTiO 3 /SrTiO 3 superlattices
Let us extend the model to study the ferroelectric polarization of epitaxial PbTiO 3 /SrTiO 3 (PT/ST) superlattices grown on ST substrate and under a short-circuit condition, as schematically shown in Fig. 9 . Some key points from the previous sections are repeated here for clarity of discussion. In this study, we need to include the effects of interface, depolarization field and substrateinduced strain in the model. By assuming that all spatial variation of polarization takes place along the z-direction, the Landau-Ginzburg free energy per unit area for one period of the PT/ST superlattice can be expressed as (Chew et al., unpublished) 
where p and q corresponds to the polarization of PT and ST layers, respectively. For the superlattices with the polarizations perpendicular to the layer's surfaces/interfaces, the inhomogeneity of polarization means that the depolarization field effect is essential. In eqs. (67) and (68) inclines in the same direction of polarization, it cannot be regarded as the depolarization field; thus, we denote , d j e as "the internal electric field". Hence, the average internal electric field of one-period superlattice is defined as
The intrinsic coupling energy between the polarizations at the interfaces 0 z = of the two layers is described as
where i p and i q are the interface polarizations at 0 z = for the PT and ST layers, respectively. In eq. (73), the parameter λ describes the strength of intrinsic interface coupling and it can be conveniently related to the dielectric permittivity in vacuum 0 ε as
where 0 λ denote the temperature-independent interface coupling constant. In this case, the existence of the interface coupling 0 λ ≠ leads to the inhomogeneity of polarization near the interfaces, besides the effect of the depolarization field. In the calculations, it is assumed that 1 unit cell (u.c.) ≈ 0. (Dawber et al., 2007) . The insets in each figure show the corresponding curves in smaller scale (Chew et al., unpublished) .
Conclusion
We have proposed a model to study the intrinsic interface coupling in ferroelectric heterostructure and superlattices. The layered structure is described using the LandauGinzburg theory by incorporating the effect of coupling at the interface between the two constituents. Explicit analytical expressions describing the polarization at the interface between bulk ferroelectrics and bulk dielectrics were derived and discussed. Here, we mainly discussed only cases where the transition of the ferroelectric constituent is of second order (Chew et al., 2003) , though cases of heterostructure at the interfaces involving firstorder phase transition were also reported (Tsang et al., 2004) .
We further extend the model to investigate the ferroelectricity of superlattice by incorporating the thickness effect. Using the explicit expressions derived from the model, the polarization modulation profiles, phase transitions and dielectric susceptibilities of a superlattice are presented and discussed in detail (Ishibashi & Iwata, 2007; Chew et al., 2008; Chew et al., 2009) . The effort to obtain the explicit analytical solutions using the continuum model of Landau-Ginzburg theory is worthwhile. This is because those expressions allow us to gain general insight on how the intrinsic polarization coupling at the interface influences the physical properties of those hybrid structures. Note that the effect of an applied electric field on the polarization behaviors of heterostructure at the interfaces (Chew et al., 2005; and superlattices (Chew et al., 2011; Chew et al., unpublished) is also very important. However, those studies were not discussed. We have also constructed a onedimensional model on the basis of the Landau-Ginzburg theory to investigate the polarization and dielectric behaviors Chew et al., 2007) , as well as the switching characteristics (Chew et al., unpublished) . At the end of the discussion, we show how the present model can be applied to study the ferroelectric polarization of epitaxial PT/ST superlattices with the polarizations perpendicular to the surfaces/interfaces of the constituent layers (Chew et al., unpublished) . The effects of interface, depolarization field and substrate-induced strain are required to include in the model. Our calculated polarizations (Chew et al., unpublished) agree reasonably well with recent experimental measurements (Dawber et al., 2007) . From our study, it suggests that the recent experimental observation on the unusual recovery of ferroelectricity at thickness ratio of L PT /L ST < 0.5 (Dawber et al., 2005) may be related to a weakening of ferroelectric coupling at the interface. It is certainly interesting to look at the dielectric susceptibilities and polarization reversals of the superlattices, which will be reported elsewhere.
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